In this paper, a new numerical scheme for solving first-order hyperbolic partial differential equations is proposed and is implemented in the simulation study of macroscopic traffic flow model with constant velocity and linear velocity-density relationship. Macroscopic traffic flow model is first developed by Lighthill Whitham and Richards (LWR) and used to study traffic flow by collective variables such as flow rate, velocity and density. The LWR model is treated as an initial value problem and its numerical simulations are presented using numerical schemes. A variety of numerical schemes are available in literature to solve first order hyperbolic equations. Of these the well-known ones include one-dimensional explicit: Upwind, Downwind, FTCS, and Lax-Friedrichs schemes. Having been studied carefully the space and time mesh sizes, and the patterns of all these schemes, a new scheme has been developed and named as one-dimensional explicit Tolesa numerical scheme. Tolesa numerical scheme is one of the conditionally stable and highest rates of convergence schemes. All the said numerical schemes are applied to solve advection equation pertaining traffic flows. Also the one-dimensional explicit Tolesa numerical scheme is another alternative numerical scheme to solve advection equation and apply to traffic flows model like other well-known one-dimensional explicit schemes. The effect of density of cars on the overall interactions of the vehicles along a given length of the highway and time are investigated. Graphical representations of density profile, velocity profile, flux profile, and in general the fundamental diagrams of vehicles on the highway with different time levels are illustrated. These concepts and results have been arranged systematically in this paper.
Introduction
Hyperbolic partial differential equation of conservation laws has recently received great attention and many books have been published in this area [1] [2] [3] [4] . Hyperbolic PDEs describe the time dependent physical systems and can be used to model a wide variety of phenomenon including wave motion and advection transport of substances [5] . Advection equations do form a special class of conservative first order hyperbolic PDEs which transport a given property across a system at a specified rate. In advecting equations, the temporal and spatial derivatives of the conserved quantity ( ) 
In (1), the quantity v is a proportional constant and can be interpreted as the velocity along x-direction [6] . However, if 0 v > then the characteristics are directed to the positive direction or to the right and if 0 v < then they are directed to the negative direction or to the left. In other words the sign of v indicates the direction of propagation of information. In fact the advection Equation for all x −∞ < < ∞ . This is called an initial value problem. Advection Equation (1) is being numerically solved using various one-dimensional explicit numerical schemes, for example Upwind, Downwind, FTCS and Lax-Friedrichs schemes. In these one-dimensional explicit schemes the space and time mesh sizes are restricted both by order of accuracy and numerical stability. The said schemes have been visualized with the unique schematic diagrams which are illustrated in Figures 1-4 .
Having been studied carefully the space and time mesh sizes and patterns or schematic diagrams of all these schemes, another but a new scheme has been developed and named as one-dimensional explicit Tolesa numerical scheme.
This new scheme has been visualized with the unique schematic diagram and is illustrated in Figure 5 . The implication of the advection Equation (1) speed will also be done by using the mentioned one-dimensional explicit numerical schemes including Tolesa scheme, and linear density-speed relationship will be simulated by using Tolesa scheme.
In this research work we present and discuss some of the one-dimensional explicit numerical schemes available in the literature and the newly propose scheme. Specifically, the paper is organized in three more sections that follow this Introduction. Section 2 is devoted to carry out finite difference method. The finite difference approximations of the first order hyperbolic partial differential equation using one-dimensional explicit numerical schemes are presented. Section 3 reports about macroscopic continuum traffic flow depend mainly on three quantities flux, speed and density, and present some cases for speed-density relationship. Finally section 4 deals with the numerical simulation. In this section,
we present the discretization of the macroscopic continuum traffic flow model, specifically Lighthill-Whitham and Richards Traffic flow model presented in section 3, using finite difference schemes presented in Section 2.
Overviews of Finite Difference Method
In this study, it is mainly focused to carry out finite difference method (FDM).
The FDM was introduced by Euler in 18 th century and has been greatly regarded as the easiest method and widely used to solve simple geometrical problems [11] .
The FDM is classically obtained by approximating the derivatives appearing in the partial differential equation by a Taylor expansion up to some given order which will give the order of the scheme. 
One Dimensional Explicit Numerical Schemes
In this subsection, the one-dimensional explicit numerical schemes with Upwind, Downwind, FTCS and Lax-Friedrichs schemes including Tolesa scheme are presented to approximate the spatial and temporal partial derivatives of the advection Equation (1) In one-dimensional explicit upwind scheme, the first order spatial and temporal partial derivatives are approximated respectively as
In this view, the stencil is given as shown in Figure 1 and the approximations of the finite difference form of Equation (1) can be expressed as (
, , 0
The scheme (2) is a first order accurate in both space and time,
This scheme is stable if the condition (
In one-dimensional explicit downwind scheme, the first order spatial and temporal partial derivative are approximated respectively as
In view of this the finite difference approximations form of Equation (1) can be expressed as (
Equation (3) is a first order accurate in both space and time
scheme is unconditionally unstable. In one-dimensional explicit FTCS scheme, as its name implies, the first order temporal and spatial partial derivatives are obtained respectively by taking a first order forward finite differencing in time and a central differencing in space.
These are approximated respectively as (
Then, the approximations of the finite difference form of Equation (1) can be expressed as in Equation (4) and the schematic diagram is given in Figure 3 .
Equation (4) is a first order accurate in time and second order accurate in space, i.e., ( )
This scheme is unconditionally unstable.
In one-dimensional explicit Lax-Friedrichs scheme, the term 
Equation (5) 
Having been studied carefully the space and time mesh sizes, and the patterns of all these schemes a new scheme has been developed and named as one-dimensional explicit Tolesa numerical scheme. The one-dimensional explicit Tolesa numerical scheme is still another alternative numerical scheme to solve advection equation and can be applied to traffic flows model. The schematic diagram of Tolesa evolution scheme is shown in Figure 5 and the application of this scheme to the advection Equation (1) is straightforward. In view of this, the first order temporal and spatial partial derivatives are approximated respectively as Equations (6) and (7). 
Let the term
on the left hand side of (6) be expressed as the average value as
In (8), the terms on the left hand side can be expanded, as in view of (5), as
Using the three expansions (8)-(10) in the two Equations (6)- (7) and on substituting them in (1), the advection equation reduces to the form as
Here in (11), the notation ( ) (11) is the newly proposed one-dimensional explicit Tolesa scheme. Equation (11) analysis is a useful tool for checking validity of a given numerical scheme [12] .
There are many approaches to analyze whether a finite difference scheme is stable or unstable. In this paper, we will consider the Von Neumann stability analysis for presented finite difference schemes. The basic idea of this analysis is given by defining the discrete Fourier transform of u as (12) . Let it be assumed that the solution can be seen as eigenmodes [13] which at each grid point have the form 
CFL is necessary condition for stability [14] .
Substituting (12) in (11) and solving the expression for ( ) After some computations, and considering different cases which satisfy equality and the CFL condition, then we decided that the 1 2
Thus, the explicit Tolesa scheme is conditionally stable (13) . n t = ∆ . Hence, the explicit Tolesa scheme is convergent; we can see this from the simulations result.
Lighthill-Whitham and Richards Traffic Flow Model (LWR Model)
In this section, macroscopic continuum traffic flow model is introduced and analyzed. Macroscopic continuum traffic flow depends mainly on three quantities: traffic density, traffic flow or flux and traffic velocity [15] . The number of vehicles on a highway per unit length is defined as traffic density and is denoted by ( ) 
The flux can also be expressed in terms of the traffic density and the traffic speed as
In view of (15) , the traffic flow model (14) with initial condition takes the form as ( ) ( )
The analytical solution of the form (17) has been calculated using the method of characteristics in implicit form [16] as follows.
Case 2: Linear speed-density function
Greenshields [17] proposed what was perhaps the first traffic flow model. According to his observations made using photographic methods, Greenshields postulated that there existed a linear relationship between speed and density.
Then traffic flux ( )
. In this case Equation (16) 
The analytical solution of the form (19) has been calculated using the method of characteristics in implicit form as follows.
Numerical Simulations
In this subsection, we present the discretization of the traffic flow model (17) using finite difference schemes (2)- (5), and (11) as shown in table below:
Traffic Flow with Constant Speed
In order to better understand, methods for highway design, it is necessary to discretize the given model using the numerical schemes and perform numerical experiments. The numerical discretization of traffic flow model using explicit finite difference schemes are shown in Table 1 .
The numerical schemes given in Table 1 are implemented using the following T. Hundesa et al. 2) The initial density of vehicles in this study is taken as in [18] , 3) The boundary condition is considered as constants:
4) The total time duration is divided into 100 steps: 100 N = .
5) The total spatial distance is divided into 100 steps: 100 M = .
6) Vehicles are considered to flow with constant speed 0.9 km min v = .
7) The temporal and spatial step lengths are considered as 0.07 t ∆ = and
Using these assumptions and the discretization shown in Table 1 , we have developed computer programs to conduct simulation study of traffic flow model with constant velocity (17) . Numerical experiments are performed on a time scale of 7 minutes and some qualitative behaviors of the schemes are verified. The simulation of the exact solution as in Figure 6 (a) and numerical approximations of each schemes are shown in (Figure 6(b), Figures 6(d)-(f) and Figure 6(h) ). The blue colored curves represent the density at 0.7 th min; green colored represent the density at 3.5 th min; red colors represent the density after 7 th min. In Figure 6 , the plots are obtained using the exact solution and the discretized one-dimensional explicit numerical schemes in Table 1 . All the schemes are implemented to show the traffic densitie profiles at 0.7, 3.5, and 7 minutes as shown in Figure 6 min is larger than the error formed at 3.5 min and the error formed at 3.5 min is larger than the error formed at 0.7 min.
Traffic Flow with Linear Speed-Density Relationship
Greenshields proposed the first traffic flow model, and he observed that using photographic methods. The Greenshields was also able to show that a linear relationship between speed and density, and a quadratic relationship exists between flux and density, which, over the years, has come to be known as the fundamental diagram of traffic flow. In this subsection, we present the application of the Tolesa Scheme in the cases of traffic flow model with linear speed-density relationship as shown in Table 2 . The LWR model (14) has been discretized by explicit Tolesa Scheme as follow.
( The Tolesa scheme discretization given in Table 2 can be implemented using the same assumptions and values are used as in the case traffic flow model with 
constant speed. Using these assumptions and the discretization shown in Table   2 , we have developed computer programs to conduct simulation study of traffic flow model with linear density-speed relationship (19).
The exact solutions vary with location but almost the same for time as shown in Figure 7 which will be zero when density is equal to the jam density. The maximum speed will be referred to as the free flow speed, and when the density is maximum, the speed will be zero. 
Conclusion
In the present work, one-dimensional explicit Tolesa scheme is developed for solving advection Equation (1) and is successfully applied on macroscopic traffic flow model with constant velocity (17) . The one-dimensional explicit Tolesa Figure 9 . Density-flux nonlinear relationship by Tolesa scheme. The one-dimensional explicit Tolesa Scheme has unique schematic diagram as others one-dimensional explicit Schemes. One-dimensional explicit Tolesa scheme is conditionally stable by Von Neumann stability analysis. Although the Tolesa scheme has been developed to find a numerical solution of advection equation, traffic flow with constant speed, and linear density-speed relationship, it can also be extended for first and second order traffic flow models with non-linear velocity-density relationships. The further applications of Tolesa scheme will be taken up in the further study.
